Introduction
Computing a lnillinlum cut of a graph is olle of the im-$1)\langle)\mathrm{l}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}$ problems in graph theory [3] . Let $C_{7}=(l', E)$ be all llndirected graph. Given $k(\geq 2)$ disjoint nonempty subsets, $S_{1},$ $S_{2},$ $\ldots$ , and $S_{k}$ , of V, an edge set $C\subseteq E$ is an . This papel. $\mathrm{d}\mathrm{i}_{\mathrm{S}\mathrm{C}1}\iota \mathrm{s}\mathrm{S}\mathrm{e}\mathrm{s}$ the problem of finding a minimlun three-way cut and a minimum four-way cut of an $\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{i}_{\mathrm{l}\mathrm{e}\mathrm{c}}\mathrm{t}\mathrm{e}\mathrm{d}\mathrm{g}\mathrm{r}\mathrm{a}_{1}$ ) $\mathrm{h}c$ .
. Dahlhaus et al. [2] showed that the $k$ -terminal cut $\mathrm{p}_{\mathrm{l}\mathrm{o}\mathrm{b}1}\mathrm{e}\mathrm{m}$ is $\mathrm{N}\mathrm{P}$ -hard for arbitrary $k$ and even for $k=3$ . They also proposed a minimum $k$ -terminal cut algorithm for a planal undirected $\mathrm{g}_{1}\cdot \mathrm{a}\mathrm{p}\mathrm{h}.$ $\mathrm{G}^{\tau_{\mathrm{o}\mathrm{m}\mathrm{o}\mathrm{r}}}\mathrm{y}$ and Hu [4] showed that $O(n)$ executions of a minimum two-terminal algorithm is ellough to compute a minimum two-wav cut of an $\mathrm{u}\mathrm{n}\mathrm{d}\mathrm{i}_{\mathrm{l}\mathrm{e}}\mathrm{C}\mathrm{f}\mathrm{e}\mathrm{d}$ graph. Goldschmidt alld Hochbaum [5] showed a polynomial time algorithm for computing a Inillilnunl $k$ -way cut for fixed $k$ . This result showed that the $k$ -way cut problem is easier than the k-telminal cut $\mathrm{p}_{\mathrm{l}\mathrm{o}\mathrm{b}}1\mathrm{e}\mathrm{m}$ of an undirected graph. In their algorithm, the minimum two-terminal cut algorithm is repeatedly applied. The algorithm for the minimum $k$ -way cut problenl with fixed $k$ has $o(7lk^{2}-\mathrm{a}k/\sim+1\sim^{J})$ computation time for even $k$ and $o(n^{k^{2}3k/\Sigma+/2}-5)$ computation time $\mathrm{f}\mathrm{o}1$ odd $k.$ Salan and Vazirani [10] proposed two approximation algorithms for the minimum $k$ -way cut problem. One al-$\mathrm{g}_{01\mathrm{i}\mathrm{t}\mathrm{h}}\mathrm{m}$ requires $n-1$ maximum flow computations for finding a set of twice-optimal $k$ -way cuts, one $\mathrm{f}\mathrm{o}1$ each value of $k$ between 2 allcl $n$ . Hao alld $\mathrm{O}_{1}\cdot 1\mathrm{i}\mathrm{n} [6] $ showed that the minimum 2-way cut problem can be solved in the running time for solving a single nlaxilnum flow problem. Recently, Kapoor [8] gave an algorithm $\mathrm{f}\mathrm{o}1$ finding a minimum three-way cut, which leq\iota \dot res $o(n^{3})\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}_{1\iota 1}\mathrm{U}\mathrm{n}1$ flow computations. $\mathrm{I}\backslash^{r}\mathrm{a}\mathrm{P}\mathrm{o}\mathrm{o}\mathrm{r}$ also gave an approximation technique for the multi-way cut $\mathrm{p}\mathrm{r}\mathrm{o}\mathfrak{j}_{)}1\mathrm{e}\mathrm{m}$ , and showed all algorithm for the minimum $k$ -way cut problem, $\backslash \backslash^{\prime \mathrm{h}\mathrm{i}\mathrm{h}}\mathrm{C}$ requires $O(kn(?\gamma?+nl_{\mathit{0}}\mathrm{r}J^{\iota)}')$ steps and gave an approximation of $2(1-1/k)$ . Hochbaum and Shimoys [7] gave an $O(n^{2})$ algorithm for finding a minimum 3-way cut of an uulweighted plmal graph.
All algorithms shown above are ordinary deterministic algorithms, and thus they can $\mathrm{a}1_{1\mathrm{V}}\mathrm{a}_{\}'\mathrm{S}}$ find optimal solutions. On the otller hand, Karger and Stein [9] proposed a randolnized Monte Carlo algorithm which finds a minimum 2-way cut with high probabilitv in $O(\mathit{7}?^{2}logn)3$ time. They also gave a randomized Monte Carlo algorithm for the $\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{i}\mathrm{m}\mathrm{u}\mathrm{m}k$ -way cut $\mathrm{p}_{1}\cdot \mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{m}$ , which solves the problem in $o('\iota^{2(1)}-lkog^{3}n)$ tilne. Note that, those $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{c}\mathrm{l}\mathrm{o}\mathrm{n}\mathrm{l}\dot{u}$ ed Monte $\mathrm{C}^{1}\mathrm{a}\mathrm{r}\mathrm{l}\mathrm{o}$ algorithms may fail to find an optimal solution, that is due to the natuuie of randolnized Monte Carlo algorithms.
In this paper, first. we will show several properties on minimum 3-way cuts and lninimlun 4-way cuts. which indicate a $\mathrm{r}\mathrm{e}\mathrm{c}\mathrm{u}\mathrm{l}\mathrm{s}\mathrm{i}_{\mathrm{V}\mathrm{e}}$ structure of the minimuIn $\iota$ ,-way cut problem when $k=3$ and 4. Then, based on those $1$) $10_{1}$) $-$ elties, we will present a $\mathrm{d}\mathrm{i}_{\mathrm{V}}\mathrm{i}\mathrm{d}\mathrm{C}^{-\mathrm{a}\mathrm{n}\mathrm{d}\mathfrak{c}}-\mathrm{c}\mathrm{o}\mathrm{n}1^{\mathrm{u}}\mathrm{e}\mathrm{r}$ strategy for the minimum 3-way and 4-way cut problems, and propose two polynomial time algorithms, each of which computes a minimum 3-wav cut and a minimum 4-way cnt of $G$ , lespectively. These algorithms require
maximum flow computations, respectively. This means that the proposed algorithms are the fastest $\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{i}\mathrm{s}-$ tic algorithms $\mathrm{e}\backslash \cdot \mathrm{e}\mathrm{l}$ . known. For the minimum 3-way cut problem, the number of maximum flow computations required in the algolithm is the salne as one of the algorithm proposed by Kapoor [8] . For the minimum 4-way cut $1$) $\mathrm{r}0\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{m}$ , the $\mathrm{n}\mathrm{u}\mathrm{m}l\supset \mathrm{e}\mathrm{r}$ of maxilnum flow computations required in the algorithm is very much $\mathrm{s}\mathrm{m}\mathrm{a}\mathrm{U}\mathrm{e}r$ than the one proposed by Goldschmidt and Hochbaum [5] , which requires $O(n^{9})$ maximum flow computations.
Preliminaries
In the following, we give some defimitions and terminologies.
Given an undirected $\mathrm{g}_{1}\cdot \mathrm{a}_{\mathrm{P}^{\mathrm{h}c}}=(V, E)$ and $k_{\mathrm{m}\mathrm{u}\mathrm{t}\mathrm{u}}\mathrm{a}\mathrm{U}\mathrm{y}$ disjoint $11\mathrm{o}\mathrm{n}\mathrm{e}\mathrm{m}_{\mathrm{P}^{\mathrm{t}}\mathrm{y}}$ subsets of $l^{r}$ , we $\mathrm{c}\mathrm{a}\mathrm{U}$ the problem of finding a lninimum $(T_{1}, T\circ\sim'\ldots , T_{k})$ -terminal cut of $C_{7}$ the minimum $k$ -terminal cut problem. Given an undirected graph $C_{7}=(\ddagger^{\text{^{}-}}, E)$ and an integer $k(\geq 2)$ , we call the $\sim'\ldots$ , $\mathrm{c}\iota_{(1)}k-$ , such that a ?ninimum $(x, u_{1}, u_{2}, \ldots , \mathrm{z}\iota_{\mathrm{t}}k-1))$ -terminal cut $\dot{\mathrm{x}}\backslash$ a mini-$n?.umk$ -way cut of G.
$\square$ From Theorem 1. if there exists a minimum k-terminal cut algolithm for $G^{1}$ , we can solve the minimum $\lambda$ .-way cut problem in polynomial time by applying it in $O(n^{k-1})$ tilnes. For example, if $k=2$ , the minimum k-terminal problem becomes the famous minimum $(s, t)-\mathrm{t}\mathrm{e}\mathrm{l}.\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{a}\mathrm{l}$ cut problem, which can be solved in polyuomial time based on the Ford-Fulkerson's $\min$ -cut $\max$ .-flow theorem [1] . Thus, the minimum 2-way cut problem can be solved by applying the $\min$ -cut $\max$-flow algorithm in $O(n)$ times. Dahlhaus et al. showed, however, that for even a fixed collstant $k(\geq 3)$ , the lnimimum $k$ -terminal cut problem for a general graph is $\mathrm{N}\mathrm{P}$ -hard [2] . So, it is hopeless to devise a nlinimum $k$ -way cut algorithm based on Theorem 1. For the general minimum $k$ -way cut problem, we should adopt another approach. In this paper. we present a divide-and-conquer approach to the minimum k-w$ \mathrm{a}y$ cut problem when $k=3$ and $k=4$, and propose polynonlial time algorithms.
Properties
In this section, we show several properties on $\mathrm{n}\dot{\mathrm{u}}\mathrm{n}\mathrm{i}-$ murn .3-way cuts and minimum 4-wav cuts of $G$ . In the next section, those properties will be used to derive a divide-and-conquer stlategy to solve the minimum 3-way and 4-way cut problems. For anv k-way [Proof] Since $(R:\overline{R})$ is intersected with (X: $\overline{\backslash _{\lrcorner}1'}$ ), the following hold. This is a contradiction. Thus, the lemma holds. Thus. $(X;1 ; \overline{1^{-}})$ is a mininlmn $3-\backslash \backslash r\mathrm{a}\mathrm{V}$ cut of $c_{\tau}$ . $\mathrm{F}\mathrm{o}1$ the case that $(_{\backslash _{d}}\overline{\backslash '};(X\cap R);(X\cap\overline{R}))$ is a nlinimum 3-way cut of $C_{\tau}$ , we have a sinilar $\mathrm{C}\mathrm{l}\mathrm{i}6\mathrm{C}\mathrm{u}\mathrm{s}\mathrm{S}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$ to show that $(_{\backslash _{d}}\overline{1'};z;\overline{Z})$ is a minimum 3-way cut of $G'$ . Consequently, $\mathrm{f}\mathrm{o}1$ the case (1) , at least one of the $\mathrm{p}\mathrm{r}\mathrm{o}_{\mathrm{P}^{\mathrm{e}}}1\mathrm{t}\mathrm{i}\mathrm{e}\epsilon(\mathrm{i})$ or (ii) is satisfied. Next, consider the case (2) . Ill this case, it is clear that the property (iii) is satisfied.
Next, consider the case (3). $\cdot$ This case is further classified into the following cases. That is. (3-1) $\overline{\backslash _{\Delta}\iota-}\cap S\neq\emptyset$ , and $\overline{\backslash _{d}1'}\cap T\neq\emptyset$ . $(3-2)$ there is a $P$ such that $X=R\cup P$ , $P\in\{S, T\}$ , and there is a $Q$ such that $\overline{\backslash _{\lrcorner}\mathrm{t}^{-}}\subset Q,$ $Q\in$ $\{S, T\}$ .
Consider the case . Frolll Lemma 3, we see that the propertv (i) holds. Consider the case . In this case, it is clear that the propertv (ii) holds. Consider the case . In this case, we see that the property (iv) holds.
Finally, consider the case (4) . In this case. we llave $R\subseteq\overline{\lrcorner 1^{-}}$ . Let $X'=\overline{d1^{-}}$ . Then, this is the same case as the case (3) . Thus, the lemma holds. Thus, the $1$) $\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{t}\mathrm{y}(\mathrm{i}\mathrm{i}\mathrm{i})$ holds.
$\mathrm{N}\mathrm{e}.\mathrm{x}\mathrm{t}.$ collsider the case (2) . For this case, the $\mathrm{P}^{\mathrm{r}\mathrm{o}}\mathrm{p}\mathrm{e}\mathrm{l}\mathrm{t}\mathrm{y}$ (iv) holds.
Next, consider the case (3) . This case is further classified into the following four cases. That is, ( In the following. we will show a method for finding a two-way cut satisfying the above condition. Algorithm MIN-QUADRI-PARTITIONtC) input an undirected graph $G^{l}=(\mathrm{V}^{\cdot}, E)$ . , and $G_{\overline{\lambda}}.$ , respectivel.y, and there are edges $(u, v)$ and $(u, n')$ . The weights of $u,$ $v$ , and $w\mathrm{a}\mathrm{l}\mathrm{e}$ the number of vertices in $G',$ $C_{\tau_{\lambda^{-}}}$ , and $G_{\overline{\lambda}}.$ . For simplicity, we assume that in the algorithm, if a given graph has more than three vertices, then MIN-3WAY-CUT will be applied to continue the recursive calls of MIN-3WAY-CUT, although, in the actual algorithm, if a given graph has less than six vertices, the recursive calls will terminate. Then 
Conclusion
We have presented $\mathrm{d}\mathrm{i}\mathrm{v}\mathrm{i}\mathrm{d}\mathrm{e}-\mathrm{a}\mathrm{n}\mathrm{d}-\mathrm{C}\mathrm{o}\mathrm{n}\zeta \mathrm{l}\mathrm{u}\mathrm{e}\mathrm{r}$ algorithms for computing a $\mathrm{m}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{u}\mathrm{n}$ three-way cut and a minimum four-way cut of an lmdirected weighted graph. As future work. we $\mathrm{w}\mathrm{i}\mathrm{U}$ consider an extension of the proposed algorithms for the $\mathrm{m}\mathrm{i}_{1\mathrm{l}}\mathrm{i}\mathrm{m}\mathrm{u}111k$ -way cut problem for general $k\geq 5$ .
